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Figure 8. Left: Differential SHMF as a function of peak virial mass, measured as the mean over the three host halos simulated in this work, for
WDM models with mWDM = 3 keV (light orange), 5 keV (orange), and CDM (black). Error bars show the 1� Poisson error on the mean. Right:
Corresponding SHMF Suppression functions derived from our likelihood analysis (solid lines and bands) compared to the Lovell et al. (2014)
model (dashed lines). In both panels, dark (light) bands show 68% (95%) confidence intervals around the best-fit model.

(assuming Poisson errors on the simulation measurements)
is �2 = [0.76, 0.72, 0.73, 1.1, 1.0, 0.72] for mWDM =
[3, 4, 5, 6, 6.5, 10] keV, respectively, indicating a good fit
in all cases. Note that the differential SHMF turns over at low
Msub,peak, even in CDM, due to our Msub resolution cut. As
mWDM increases, the SHMF suppression becomes less severe
(at fixed Msub,peak) and flatter (as a function of Msub,peak).

We directly compare our results with Lovell et al. (2014),
derived from a suite of four thermal-relic WDM zoom-in
simulations with comparable resolution to ours. Specifi-
cally, this previous study fixed �WDM = 1 and showed that
↵WDM = 2.7, �WDM = 0.99 accurately describes the SHMF
suppression in their simulations, measured using present-day
subhalo mass. As shown by the dashed lines in the right panel
of Figure 8, our fWDM posteriors agree well with the Lovell
et al. (2014) fit. Our predictions are slightly less suppressed
at 108 M� .Msub,peak . 109 M� for mWDM  5 keV, although
the difference is within the 1� uncertainties of our model.

We have also compared our results with the (sub)halo mass
function suppression fits from Lovell (2020b) and Stücker
et al. (2022). Interestingly, our fWDM fit agrees well with
the isolated halo mass function suppression from Lovell et
al. (2020b; i.e., ↵WDM = 2.3, �WDM = 0.8, �WDM = 1.0),
while their SHMFs are significantly less suppressed than ours
(i.e., ↵WDM = 4.2, �WDM = 2.5, �WDM = 0.2), even after ac-
counting for the uncertainty on our fWDM reconstruction (see
Section 4.3 of Stücker et al. 2022 for a related discussion).
Meanwhile, Stücker et al. (2022) simulate WDM-like trans-
fer function cutoffs using a hybrid phase-space sheet plus
N-body simulation technique. Instead of fitting for ↵WDM,
�WDM, and �WDM, these authors infer the mass scales at
which the halo mass function is suppressed by 20%, 50%,
and 80% relative to CDM. Both the halo and subhalo mass
function suppression models from Stücker et al. (2022) are
significantly less suppressed than our result.

We caution that these comparisons have subtleties that may
have an impact; in particular, Lovell (2020b) simulated ster-
ile neutrino WDM transfer functions, which differ from P(k)
in our thermal-relic WDM models (e.g., see Figure 1 of
Lovell 2020a), while Stücker et al. (2022) simulated general-
ized ↵–�–� transfer functions following Murgia et al. (2017),
which differ from our transfer functions in detail. Further-
more, Lovell (2020b) ran cosmological WDM simulations
in addition to zoom-ins, while Stücker et al. (2022) exclu-
sively ran cosmological simulations. Thus, our comparison
to Lovell et al. (2014) is the most straightforward in terms
of both ICs and simulation technique. It is interesting that
we obtain good agreement with Lovell et al. (2014) despite
our use of peak (rather than present-day) subhalo mass. In-
deed, we infer a similar fWDM when the SHMF is measured
using present-day mass, suggesting that the mass loss rates of
surviving, well-resolved subhalos do not significantly differ
between our CDM and WDM simulations.

5.3. Fuzzy Dark Matter
We define FDM SHMF suppression by inserting

Mhm(mFDM,22) (Equation 11) into Equation 19. The marginal-
ized posterior for our FDM SHMF suppression parameters is
shown in Figure 9. We infer ↵FDM = 6.2+1.6

-2.5, �FDM = 1.8+1.9
-0.7,

and �FDM = 0.2+0.3
-0.1 at 68% confidence. These parameters

are bounded from above but are only marginally constrained
from below, and they display the same qualitative degen-
eracies as in our WDM fit. We again provide the best-fit
parameters that maximize our FDM SHMF posterior:

↵FDM = 5.5
�FDM = 2.5,

�FDM = 0.3. (25)

Note that authors often define FDM SHMF suppression us-
ing Equation 19 with M0 ⇡ Mhm/3 in place of Mhm (see Sec-
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(2021), which increases the number of halos introduced through
this term by a factor of ⇠ 2. XLOS is introduced to account for
theoretical uncertainties in calculating the normalization of the halo
mass function (Despali et al. 2016).

The WDM mass function is calculated as a suppression applied to
the Sheth-Torman mass function, with the following fitting formula

32#WDM
3"3+

=
32#CDM
3"3+

5WDM (" ,"hm) (3)

where

5WDM (" ,"hm) =

 
1 +

✓
U
"hm
"

◆V!W
(4)

with U = 2.3 V = 0.8 W = �1.0 (Lovell 2020). We model halos as
truncated Navarro-Frenk-White (NFW) profiles (Navarro et al. 1997)

d (A) =
dB

G (1 + G)2
g2

G2 + g2 (5)

where G ⌘ A/AB , g ⌘ AC/AB , AB is the halo scale radius, and AC is a
truncation radius. For field halos, we set AC = A50, where A50 is the
radius that encloses 50 times the critical density, in order to keep the
mass rendered along the line of sight finite.

In CDM, we calculate AB for a halo of mass < using the
concentration–mass relation presented by Diemer & Joyce (2019). To
model the concentrations of WDM halos, we use the fitting function
given by Bose et al. (2016)

2WDM (" , I)

2CDM (" , I)
= (1 + I)V (I)

✓
1 + 60

"hm
"

◆�0.17
(6)

where V(I) = 0.026I � 0.04. The suppression of the concentration
of WDM halos results from the delayed formation time of structure
in these models Wechsler et al. (2002); Ludlow et al. (2014).

7.5 Subhalos

When a halo in the field accretes onto the host halo of the main
deflector, it decouples from the background density of the Universe
and evolves in the gravitational tidal field of the host. This section
details how we model the population of main deflector subhalos, and
implements several improvements relative to the work by Gilman
et al. (2020a).

7.5.1 The projected number density of main deflector subhalos

We model the infall subhalo mass function with a mass function of
the form (Gilman et al. 2020a)

32#sub
3"3�

=
⌃sub
108

✓
"

108

◆U
F ("host, I) 5WDM (" ,"hm) , (7)

where ⌃sub and U are the normalization and logarithmic slope of the
subhalo mass function at infall. The slope U is taken to be in the
range -1.95 to -1.85, as found in simulations (Springel et al. 2008;
Fiacconi et al. 2016). The function F , given by

logF ("host, I) = :1 log
✓

"host
1013"�

◆
+ :2 log (I + 0.5) (8)

which factors out the evolution of ⌃sub with host halo mass and
redshift such that we can combine inferences of ⌃sub from lenses
with different host halo masses and different redshifts. Based upon an
updated calibration of the semi-analytic model galacticus (Benson

2012), we use :1 = 0.5 and :2 = 0.3 (Gannon et al, in prep).
For this analysis, we assume all of the deflectors have the strong
lens population average halo mass "host = 1013.3 M� measured by
Lagattuta et al. (2010). We place lenses that do not have spectroscopic
or photometric redshift measurements at I = 0.5. This uncertainty
primarily affects the inference through the dependence of the subhalo
population on the host mass and, to a much smaller extent, the host
redshift. Using Equation 8, the number of subhalos varies by a factor
of 2 when varying the halo mass in the range "halo 2 1013, 1013.6

and by a factor of 1.2 when varying the lens redshift over the range
I 2 0.3, 1.0. Both of these factors are much smaller than the 1.5 dex
range used for the ⌃sub prior.

7.5.2 The evolved subhalo mass function

By definition, the amplitude of the projected infall subhalo mass
function (Equation 7) does not depend on tidal stripping and heating.
However, this is not what we measure with strong lensing. Instead,
lensing measures the evolved subhalo mass function in addition to the
mass function of halos along the line of sight. The evolved subhalo
mass function depends on tidal stripping and heating by the host halo
and the main deflector galaxy. A common approach to modeling
the evolved subhalo mass function is to fit a mass function to the
output of numerical simulations, and draw subhalo masses from this
model. The drawback of this approach is that it changes the mass
definition of subhalos, and formally requires the re-calibration of
the concentration–mass relation for these objects. It also obscures
the connection between the physical properties of subhalos at infall,
which depend on DM physics, and the properties of the evolved
subhalo mass function. Put differently, this approach conflates the
modification to halo density profiles from the cosmological effects
of DM free-streaming with tidal stripping and heating by a central
potential.

To model the evolved subhalo mass function, we derive a transfer
function that establishes a probabilistic mapping between properties
of halos at infall and the bound mass of a subhalo at the time of
lensing. We can phrase the task at hand as assigning bound masses
to subhalos, or equivalently, assigning truncation radii AC (Equation
5), to individual subhalos in such a way that the statistical properties
of the evolved subhalo population match the statistical properties of
evolved subhalo populations output by numerical simulations. This
approach assumes that the lensing signal depends primarily on the
tidal truncation AC , and not on the less substantial evolution of other
structural parameters, such as dB and AB , that can in principle also
change due to tidal heating.

The structural parameters of NFW halos evolve along ‘tidal tracks’
(Errani & Navarro 2021; Du et al. 2024), a self-similar trajectory
along which halo density profiles evolve in a tidal field. The rate
at which halos traverse tidal tracks depends on the concentration of
the halo and the concentration of the host, and the position of a halo
along the tidal track depends on the elapsed time since infall (Stücker
et al. 2023). Because strong lensing probes a region projected down
the center of the host halo that is very small compared to the virial
radius of the host, the bound mass function in this regime does not
have a strong dependence on the projected two-dimensional position
of a subhalo (Xu et al. 2015; Gannon et al. in prep). Thus, we will
seek a mapping to the bound mass of subhalos only in terms the sub-
halo concentration at infall, 2, the host halo concentration, 2host, and
the time since infall, Cinfall. As the number of subhalos is typically
O (100), from the central limit theorem we model the probability
distribution of <bound/<infall as a Gaussian, and introduce depen-
dence on 2, 2host, and Cinfall through the mean and standard deviation,
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Figure 8. Density profiles (left) and circular velocity profiles (right) of the 30 highest-Vpeak subhalos with Mvir > 1.2⇥ 108 M� in our CDM
(top), SIDM (middle), and Tkd = 1.46 keV WSIDM (bottom) simulations. Faint gray lines in the top, middle, and bottom rows respectively
show Tkd = 1.46 keV-only, CDM, and SIDM results. Subhalos are colored by the luminosities of the dwarf galaxies they are predicted to host
using the Nadler et al. (2020b) abundance-matching model. Lines transition to dashed below our convergence radius of 2.8✏ = 320 pc. Vcirc

measurements at the half-light radius for observed MW satellites, as compiled in Silverman et al. (2023), are shown for the nine classical
satellites (L > 105 L�; solid error bars), and a subset of known ultra-faint dwarfs (L < 105 L�; dashed error bars).
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Figure 8. Density profiles (left) and circular velocity profiles (right) of the 30 highest-Vpeak subhalos with Mvir > 1.2⇥ 108 M� in our CDM
(top), SIDM (middle), and Tkd = 1.46 keV WSIDM (bottom) simulations. Faint gray lines in the top, middle, and bottom rows respectively
show Tkd = 1.46 keV-only, CDM, and SIDM results. Subhalos are colored by the luminosities of the dwarf galaxies they are predicted to host
using the Nadler et al. (2020b) abundance-matching model. Lines transition to dashed below our convergence radius of 2.8✏ = 320 pc. Vcirc

measurements at the half-light radius for observed MW satellites, as compiled in Silverman et al. (2023), are shown for the nine classical
satellites (L > 105 L�; solid error bars), and a subset of known ultra-faint dwarfs (L < 105 L�; dashed error bars).
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Figure 8. Density profiles (left) and circular velocity profiles (right) of the 30 highest-Vpeak subhalos with Mvir > 1.2⇥ 108 M� in our CDM
(top), SIDM (middle), and Tkd = 1.46 keV WSIDM (bottom) simulations. Faint gray lines in the top, middle, and bottom rows respectively
show Tkd = 1.46 keV-only, CDM, and SIDM results. Subhalos are colored by the luminosities of the dwarf galaxies they are predicted to host
using the Nadler et al. (2020b) abundance-matching model. Lines transition to dashed below our convergence radius of 2.8✏ = 320 pc. Vcirc

measurements at the half-light radius for observed MW satellites, as compiled in Silverman et al. (2023), are shown for the nine classical
satellites (L > 105 L�; solid error bars), and a subset of known ultra-faint dwarfs (L < 105 L�; dashed error bars).
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show Tkd = 1.46 keV-only, CDM, and SIDM results. Subhalos are colored by the luminosities of the dwarf galaxies they are predicted to host
using the Nadler et al. (2020b) abundance-matching model. Lines transition to dashed below our convergence radius of 2.8✏ = 320 pc. Vcirc

measurements at the half-light radius for observed MW satellites, as compiled in Silverman et al. (2023), are shown for the nine classical
satellites (L > 105 L�; solid error bars), and a subset of known ultra-faint dwarfs (L < 105 L�; dashed error bars).
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By measuring the properties of dark matter halos we 
can test different dark matter models

✴WIMPS


✴Sterile Neutrinos
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✴Primordial Black Holes


✴Self-Interacting Dark Matter

Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.

graphic processing unit acceleration, improving per-
formance by almost two orders of magnitude21 (see
Supplementary Section 1 for details).

Fig. 1 demonstrates that despite the completely
different calculations employed, the pattern of fil-
aments and voids generated by a conventional N-
body particle ΛCDM simulation is remarkably in-
distinguishable from the wavelike ΛψDM for the
same linear power spectrum (see Supplementary Fig.
S2). Here Λ represents the cosmological constant.
This agreement is desirable given the success of stan-
dard ΛCDM in describing the statistics of large scale
structure. To examine the wave nature that distin-
guishes ψDM from CDM on small scales, we res-
imulate with a very high maximum resolution of
60 pc for a 2 Mpc comoving box, so that the dens-
est objects formed of " 300 pc size are well re-
solved with ∼ 103 grids. A slice through this box
is shown in Fig. 2, revealing fine interference fringes
defining long filaments, with tangential fringes near

the boundaries of virialized objects, where the de
Broglie wavelengths depend on the local velocity of
matter. An unexpected feature of our ψDM simula-
tions is the generation of prominent dense coherent
standing waves of dark matter in the center of every
gravitational bound object, forming a flat core with
a sharp boundary (Figs. 2 and 3). These dark matter
cores grow as material is accreted and are surrounded
by virialized haloes of material with fine-scale, large-
amplitude cellular interference, which continuously
fluctuates in density and velocity generating quan-
tum and turbulent pressure support against gravity.

The central density profiles of all our collapsed
cores fit well with the stable soliton solution of the
Schrödinger-Poisson equation, as shown in Fig. 3
(see also Supplementary Section 2 and Fig. S3). On
the other hand, except for the lightest halo which
has just formed and is not yet virialized, the outer
profiles of other haloes possess a steepening loga-
rithmic slope, similar to the Navarro-Frenk-White

3

Schive et al. 2014
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too many predicted DES and PS1 satellites; however, our
results are consistent with s = 0 dexRlog at 95%
confidence.

8. The power-law index of the galaxy–halo size relation is
constrained to lie between 0.5 and 1.45 at 68%
confidence. For shallower power-law slopes, satellite
sizes do not change appreciably as a function of halo size,
which results in a worse joint fit to the observed absolute
magnitude and surface brightness distribution. We note
that the posterior widens when our Gaussian prior on n is
relaxed.

7.5. Properties of Halos that Host the Faintest Satellites

We now explore the properties of the lowest-mass halos
inferred to host MW satellites. The left panel of Figure 6 shows
the galaxy occupation fraction derived from our statistical
inference, where uncertainties are estimated by drawing from
our fiducial posterior. By sampling from our fiducial posterior,
we infer that halos with a peak virial mass below ´ M2.5 108

and peak circular velocity below -19 km s 1 host at least one of
the faintest observed satellites. To convert these into maximally
conservative upper limits, we account for the uncertainty in
MW host halo mass using the procedure described in
Appendix A.1, which yields limits on the minimum halo mass
and peak circular velocity of < ´ M3.2 10min

8 and
< -V 21 km speak,min

1 at 95% confidence. Furthermore, we
predict that the faintest observed satellite inhabits a halo with

= ´ M1.5 10peak
8 , on average.61

These results improve upon the minimum halo mass
constraint derived from classical and SDSS satellites (Nadler
et al. 2019b) by a factor of 2, and they are consistent with the
constraints reported in Jethwa et al. (2018). Moreover, these
upper limits are not in significant tension with the expected
atomic cooling limit of » -V 20 km speak

1, contrary to recent

studies based on the radial MW satellite distribution (e.g.,
Graus et al. 2019) and consistent with the findings in Bose et al.
(2019).
We caution that the median galaxy occupation fraction

shown in Figure 6 is driven by the assumed functional form in
Equation (3) and is therefore arbitrary. Although the functional
form in Equation (3) is consistent with results from
hydrodynamic simulations for   M10peak

9 , this particular
functional form is not required to fit the DES and PS1
luminosity functions. Rather, we have evidence that fgal>50%
above a peak virial mass of ~ M108 . To verify that the
assumed form of the galaxy occupation fraction does not
impact our constraints, we also test a binned model in which
we fit for50 and a corresponding 90% occupation mass. We
find that the resulting 50% and 90% occupation constraints are
consistent with those inferred from our fiducial analysis.
A wide range of galaxy occupation fractions have been

reported in hydrodynamic simulations, with some placing50
as high as ~ M109 (Sawala et al. 2016b; Fitts et al. 2018).
However, recent hydrodynamic simulations run at higher
resolution result in efficient galaxy formation in significantly
lower-mass halos, and some claim that all halos down to the
resolution limit consistently host star particles (Wheeler et al.
2019). In addition, simulations of galaxy formation at early pre-
reionization epochs show that stellar systems form in halos
with masses as low as ~ M107 (e.g., see Figure 13 in Côté
et al. 2018 for a compilation of recent simulation results). Most
recently, high-resolution simulations of high-redshift galaxy
formation that include the effects of spatially and temporally
inhomogeneous reionization find ~ M1050

8 (Katz et al.
2019).
Our galaxy occupation fraction constraint implies that

models with > M1050
8 are in significant tension with

the observed MW satellite population, as long as MW satellite
formation is representative of galaxy formation at this halo
mass scale, on average. This assumption may not be true if the
reionization history of the MW’s Lagrangian volume differs
from the average reionization history of an MW-mass halo

Figure 6. Left panel: fraction of halos that host galaxies, inferred from our fit to the DES and PS1 satellite populations. The solid line shows the median inferred
galaxy occupation fraction, and dark (light) shaded contours represent 68% (95%) confidence intervals. The resolution limit of our simulations is indicated by the
dashed vertical line. Right panel: SMHM relation inferred from our fit to the DES and PS1 satellite populations. An extrapolation of the mean SMHM relation derived
from more luminous field galaxies is shown in gray (Behroozi et al. 2013a). Stars illustrate the mean of the predictedpeak range corresponding each observed DES
and PS1 satellite, and top ticks indicate the corresponding present-day virial masses of the halos that host these systems.

61 The faintest observed satellite in our analysis, Cetus II, is detected by DES
with MV=0.02 mag (Drlica-Wagner et al. 2015; Table C1).
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Strong lenses have multiple images of one background source2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

Vegetti et al. 2010



Lensed images can be affected by dark matter halos
2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

Vegetti et al. 2010

Low mass perturbers cause deflections 
and magnifications to lensed images



Effect of low-mass halos
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds
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The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
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=

(

δij −
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)

=

(

δij −
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= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have
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1

2
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Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2
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Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,
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θψ =
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· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,
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=
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)

=
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As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by
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= detM =
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. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ
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≡ ψij . (55)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ
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which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,
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As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =
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c2
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∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =
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ξΦ dz =
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c2

DdDds
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· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html

G1

G3 G2

G4

1"

Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??
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Resolved source,

single detection

Figure 3. The scanning results for �Ri of the HST data (left column) and two selected CDM semi-
analytic realizations with halo masses 1013.5M� and 1013M� (middle two columns) and the sensitivity
map (right column). The di↵erent rows indicate the analysis of observing band F814W (top), F555W
(middle) and combined F814W+F555W (bottom). Each pixel in the plot reflects �Di when placing
the perturber at the position of the pixel.

the statistical features imprinted in them. In principle, any metric can be applied to the
scann maps to compare two distributions. The challenge is to contract the information as
much as possible not to find our self to reject too many simulations while keeping most of the
contained information about the quantities of interest. The imprint of dark matter properties
is e↵ectively mapped to the abundance and density profile of subhaloes at di↵erent masses.
These primary quantities of interest in the deflection pattern result in the abundances of
deflection anomalies and their spacial patterns in the substructure scans.

To probe the abundances and masses of the subhalo population imprinted in the de-
flection anomalies, our primary statistics is the abundance and spacial pattern of negative
excess distance �Ri < 0 (equation 4.7 described in section 4.1). In this work, we restrict
ourself to the pattern emerging from �Ri < �4, which is more stable to artifacts in the noise
modelling of the simulations compared to the data.

We find that feasible distance measures for our aim can be constructed based the spher-
ical averaged two-point correlation function C(dr) = h�Ri(r)�Ri(r + dr)ir of the negative
residuals �Ri < 0. This function contains information about the number of anomalies
(normalization) and their spatial patterns (slope). We chose the metric to comparing two
correlation functions of two realisations of data C1(dr) and C2(dr) as

D(C1, C2) =

Z
2.5”

0”

(C1(dr)� C2(dr))
2
dr, (4.8)
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T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.
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Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
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Example of the signal

T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
S/N maps obtained by rescaling the total line flux by the flux ratios as measured in the continuum from
HST. The bottom row shows the expected S/N maps obtained by rescaling the total line flux by the flux
ratios predicted by smooth models without substructure (see Table 1). The difference is apparent by
eye. All simulations have been performed using the OSIRIS ETC developed by David Law assuming
exposure times of 10800s (0810), 7200s (for 0924 and 1138), a3600s (for 1413 and 1422). The S/N
ratio scale shown is 0-50 for 0810, 0924 and 1138 and 0-150 for 1413 and 1422. The field of view
shown is the OSIRIS field of view for 0.0500 pixels in the appropriate narrow band filter.

Figure 4. Left Mid-IR Subaru image of
1422; note how A and B are blended, while D
is undetected (Chiba et al. 2005). Our experi-
ment will detect D and resolve all four images
(see Figure 3).Right: Mid-IR image of 1413
(MacLeod et al. 2009).



Example of the signal

T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
S/N maps obtained by rescaling the total line flux by the flux ratios as measured in the continuum from
HST. The bottom row shows the expected S/N maps obtained by rescaling the total line flux by the flux
ratios predicted by smooth models without substructure (see Table 1). The difference is apparent by
eye. All simulations have been performed using the OSIRIS ETC developed by David Law assuming
exposure times of 10800s (0810), 7200s (for 0924 and 1138), a3600s (for 1413 and 1422). The S/N
ratio scale shown is 0-50 for 0810, 0924 and 1138 and 0-150 for 1413 and 1422. The field of view
shown is the OSIRIS field of view for 0.0500 pixels in the appropriate narrow band filter.

Figure 4. Left Mid-IR Subaru image of
1422; note how A and B are blended, while D
is undetected (Chiba et al. 2005). Our experi-
ment will detect D and resolve all four images
(see Figure 3).Right: Mid-IR image of 1413
(MacLeod et al. 2009).

Gravitational lensing is sensitive to perturbations 
by dark matter halos

12

2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,
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to θ is the deflection angle,
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while the Laplacian is proportional to the surface-mass density Σ,
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· 4πG Σ = 2
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,
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∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have
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1

2
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2
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a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,
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The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1
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As mentioned earlier, the deflection angle is the gradient of ψ, hence
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which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,
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As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by
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This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ
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≡ ψij . (55)
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Example of the signal

T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
S/N maps obtained by rescaling the total line flux by the flux ratios as measured in the continuum from
HST. The bottom row shows the expected S/N maps obtained by rescaling the total line flux by the flux
ratios predicted by smooth models without substructure (see Table 1). The difference is apparent by
eye. All simulations have been performed using the OSIRIS ETC developed by David Law assuming
exposure times of 10800s (0810), 7200s (for 0924 and 1138), a3600s (for 1413 and 1422). The S/N
ratio scale shown is 0-50 for 0810, 0924 and 1138 and 0-150 for 1413 and 1422. The field of view
shown is the OSIRIS field of view for 0.0500 pixels in the appropriate narrow band filter.

Figure 4. Left Mid-IR Subaru image of
1422; note how A and B are blended, while D
is undetected (Chiba et al. 2005). Our experi-
ment will detect D and resolve all four images
(see Figure 3).Right: Mid-IR image of 1413
(MacLeod et al. 2009).

Localized perturbations 
change the image 

magnifications while 
leaving positions minimally 

changed

Gravitational lensing is sensitive to perturbations 
by dark matter halos

12

2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ
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1
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convenience, we introduce the abbreviation
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Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,
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where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ
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which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
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As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by
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Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the
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Example of the signal

T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
S/N maps obtained by rescaling the total line flux by the flux ratios as measured in the continuum from
HST. The bottom row shows the expected S/N maps obtained by rescaling the total line flux by the flux
ratios predicted by smooth models without substructure (see Table 1). The difference is apparent by
eye. All simulations have been performed using the OSIRIS ETC developed by David Law assuming
exposure times of 10800s (0810), 7200s (for 0924 and 1138), a3600s (for 1413 and 1422). The S/N
ratio scale shown is 0-50 for 0810, 0924 and 1138 and 0-150 for 1413 and 1422. The field of view
shown is the OSIRIS field of view for 0.0500 pixels in the appropriate narrow band filter.

Figure 4. Left Mid-IR Subaru image of
1422; note how A and B are blended, while D
is undetected (Chiba et al. 2005). Our experi-
ment will detect D and resolve all four images
(see Figure 3).Right: Mid-IR image of 1413
(MacLeod et al. 2009).

4 A. J. Shajib et al.

Table 1. Observation information and references for the lens systems.

System name Observation date
Total exposure time

Reference(seconds)
F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. 2018b (in preparation), Delchambre et al. (2018)
ATLAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)
DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. 2018b (in preparation)
PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)
WISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third and fifth columns) and reconstructed (second, fourth and sixth columns)
strong-lens systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to
create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of
the bands have been adjusted for each lens system for clear visualisation of the features in the system.

2.2.5 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). The
deflector redshift is zd = 0.597 and the quasar redshift is
zs = 2.375 (Lin et al. 2017). This is a very complex lens
system with multiple lensed arcs noticeable in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or

they can be at di�erent redshifts. This system has measured
time-delays between the quasar images: �tAB = �112 ± 2.1
days, �tAD = �155.5± 12.8 days, and �tBD = �42.4± 17.6 days
(Courbin et al. 2018).

2.2.6 DES J0420-4037

This lens system was discovered in DES imaging data us-
ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Probed Sightlines

Lens Halo
Source QSO

Field halos

Figure 1. Strong gravitational lensing provides a powerful test of CDM, as each strongly-lensed
image probes low-mass dark matter structure along the entire line of sight between the source
(typical redshifts 1.5-3) and the observer. The left-most panel shows an HST image of DESJ0405.
The right-most panel shows one realization of projected dark matter structure (including line of
sight halos and subhalos gravitationally bound to the main lens) which produces the observed
narrow-line image fluxes and positions (Gilman et al., 2020). The realization of the smooth mass
distribution of the main deflector is subtracted here for clarity. This method iterates over many
structure realizations to compare the relative likelihood of di↵erent dark matter scenarios, while
marginalizing over the uncertainties in the normalization in the halo and subhalo mass functions
and the smooth mass distribution of the main deflector. This method has been extensively tested
on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Conclusively Disfavored

Strongly Disfavored

Halos are dark

Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM
mass function, we will have conclusive evidence for the existence of halos below masses of 107M�.
This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot
contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region
shows models we can distinguish from CDM with this proposal. We will test models which di↵er
from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile
neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &
Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler
et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html

G1

G3 G2

G4

1"

Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,
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As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by
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detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have
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tr ψij . (56)
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2 S. Vegetti, O. Czoske & L.V.E. Koopmans

mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html

G1

G3 G2

G4

1"

Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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Example of the signal

T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

T.Treu: Flux ratio anomalies and the substructure problem 4

Figure 3. Signal-to-noise ratio maps for the proposed experiment: The top row shows the expected
S/N maps obtained by rescaling the total line flux by the flux ratios as measured in the continuum from
HST. The bottom row shows the expected S/N maps obtained by rescaling the total line flux by the flux
ratios predicted by smooth models without substructure (see Table 1). The difference is apparent by
eye. All simulations have been performed using the OSIRIS ETC developed by David Law assuming
exposure times of 10800s (0810), 7200s (for 0924 and 1138), a3600s (for 1413 and 1422). The S/N
ratio scale shown is 0-50 for 0810, 0924 and 1138 and 0-150 for 1413 and 1422. The field of view
shown is the OSIRIS field of view for 0.0500 pixels in the appropriate narrow band filter.

Figure 4. Left Mid-IR Subaru image of
1422; note how A and B are blended, while D
is undetected (Chiba et al. 2005). Our experi-
ment will detect D and resolve all four images
(see Figure 3).Right: Mid-IR image of 1413
(MacLeod et al. 2009).

4 A. J. Shajib et al.

Table 1. Observation information and references for the lens systems.

System name Observation date
Total exposure time

Reference(seconds)
F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. 2018b (in preparation), Delchambre et al. (2018)
ATLAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)
DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. 2018b (in preparation)
PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)
WISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third and fifth columns) and reconstructed (second, fourth and sixth columns)
strong-lens systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to
create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of
the bands have been adjusted for each lens system for clear visualisation of the features in the system.

2.2.5 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). The
deflector redshift is zd = 0.597 and the quasar redshift is
zs = 2.375 (Lin et al. 2017). This is a very complex lens
system with multiple lensed arcs noticeable in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or

they can be at di�erent redshifts. This system has measured
time-delays between the quasar images: �tAB = �112 ± 2.1
days, �tAD = �155.5± 12.8 days, and �tBD = �42.4± 17.6 days
(Courbin et al. 2018).

2.2.6 DES J0420-4037

This lens system was discovered in DES imaging data us-
ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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strong lensing constraints on dark matter warmth 13

Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Probed Sightlines

Lens Halo
Source QSO

Field halos

Figure 1. Strong gravitational lensing provides a powerful test of CDM, as each strongly-lensed
image probes low-mass dark matter structure along the entire line of sight between the source
(typical redshifts 1.5-3) and the observer. The left-most panel shows an HST image of DESJ0405.
The right-most panel shows one realization of projected dark matter structure (including line of
sight halos and subhalos gravitationally bound to the main lens) which produces the observed
narrow-line image fluxes and positions (Gilman et al., 2020). The realization of the smooth mass
distribution of the main deflector is subtracted here for clarity. This method iterates over many
structure realizations to compare the relative likelihood of di↵erent dark matter scenarios, while
marginalizing over the uncertainties in the normalization in the halo and subhalo mass functions
and the smooth mass distribution of the main deflector. This method has been extensively tested
on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Conclusively Disfavored

Strongly Disfavored

Halos are dark

Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM
mass function, we will have conclusive evidence for the existence of halos below masses of 107M�.
This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot
contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region
shows models we can distinguish from CDM with this proposal. We will test models which di↵er
from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile
neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &
Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler
et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)

c� 2002 RAS, MNRAS 000, 1–??

3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs

2

c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =

2

c2

Dds

Ds

∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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mass-to-light-ratio of the dwarf satellite and showing the strength
of the method on known satellites. The layout of the paper is as fol-
lows. In Section 2 we introduce the data. In Section 3 we provide
a short description of the modelling method and a detailed descrip-
tion of the main results and in Section 4 we summarise our main
results. Throughout the paper we assume the following cosmology
H0 = 73 km s�1 Mpc�1, ⌦m = 0.25 and ⌦⇤ = 0.75.

2 THE DATA

SDSS J120602.09+514229.5 (the Clone) was observed with the
Hubble Space Telescope (HST) in cycle 16 (P.I.: S. Allam). WFPC2
images were obtained through three filters, F450W, F606W, and
F814W. We base our lens model on the F606W data because they
provide the best combination of depth and resolution.
Four dithered exposures were obtained, each with an integration
time of 1100 s. We retrieved the calibrated exposures from the HST
archive and used multidrizzle to combine them. The final image has
a pixel scale of 0.05 arcsec.
To model the observed structure of the lensed source, we require
knowledge of the point spread function (PSF) of the drizzled im-
age. Since there are no suitable stars in the field, we rely on a model
PSF created with Tiny Tim, v6.3 (Krist 1993).1 The PSF is gener-
ated for the position of the lens system on chip 2 of the WFPC2,
subsampled by a factor 10. Subsampling is necessary because the
dither pattern involves half-pixel shifts which cannot be taken into
account by Tiny Tim alone. Instead we rebin the highly subsam-
pled PSF to the original WFPC2 pixel scale once for each science
exposure, with the output grid shifted by five subsampled pixels to
account for half-pixel shifts. The rebinned PSF is inserted at the
position of the lens galaxy G1 in copies of the four science files
after setting the image data to zero. These PSF exposures are then
drizzled with the same parameters as before to create an approxi-
mation to the PSF of the drizzled science image.
Light from the outer parts of the main lens galaxies G1, G2 and G3
contributes a few percent to the light at the location of the lensed
arc images. We subtract de Vaucouleur models of these galaxies,
generated with galfit2, version 3.0 (Peng et al. 2002). The e↵ec-
tive radius of G1 is determined at 3.9±0.1 arcsec.
Finally, we need to remove the satellite galaxy G4. Since this
galaxy sits on top of an arc image and it is not a priori clear what
the background level due to light from the arc is, no unambiguous
model of G4 can be determined. Due to its compactness we opt
to subtract a simple Gaussian model with FWHM 0.173 arcsec and
normalisation determined from visual impression of the image after
subtraction. Changes in the normalisation within a plausible range
do not significantly a↵ect the potential reconstruction.
A spectrum of G1 is available from the Sloan Digital Sky Survey.
This spectrum has a fairly low signal-to-noise ratio of S/N ⇡ 8
(per pixel) and no kinematic measurements are given in the SDSS
database. With the template fitting method described in Czoske et
al. (2010, in preparation; see also Czoske et al. 2008) and the Indo-
US spectrum (Valdes et al. 2004) of the K2III star HD 195506 as
template we obtain a good fit (reduced �2 = 1.11; Fig. 2) with a ve-
locity dispersion of �kinem = 380±60 km s�1 within the SDSS aper-
ture of diameter 300. This is lower but not inconsistent with the value

1 http://www.stsci.edu/software/tinytim/tinytim.html
2 http://users.obs.carnegiescience.edu/peng/work/galfit/

galfit.html
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Figure 1. Overview of the lens system SDSS J120602.09+514229.5. This
false-colour image was created from HST/WFPC2 images in F450W,
F606W and F814W.

that Lin et al. (2009) obtained from fitting a singular isothermal el-
lipsoid model to the lens configuration, �lens = 440 ± 7 km s�1.
Note, however, that this value applies to the entire mass doing the
lensing, whereas our value is for the main lens galaxy G1 only.

3 LENS MODELLING

The lens modelling is performed using the Bayesian adaptive
method of Vegetti & Koopmans (2009a) to which we refer for a
detailed description. Briefly we proceed as follows:

(i) Initially, we only assume a smooth analytic model for the
main lens potential (i.e. we only consider G1, G2 and G3) and
maximize the relative posterior probability in terms of their lens
parameters. At this point we ignore the satellite G4.

(ii) We fix the lens potential at the maximum posterior values
found in the previous iteration and run a simultaneous pixelized re-
construction of the source surface brightness distribution s and the
potential correction � . This leads to the detection and localisation
of possibly present mass substructures in the lens potential.

(iii) Finally, we build a composite analytic model in which both
the main lenses and the detected satellite have a power-law (PL)
density profile and we optimize the relative penalty function for the
corresponding parameters. The power-law is truncated in the case
of the satellite.

In the next sections we describe this procedure in more detail as
applied to the lens SDSS J120602.09+514229.5, and show that it
is able to detect and quantify the satellite G4.

3.1 Smooth potential parametric reconstruction

We initially start with a smooth model that explicitly excludes the
satellite G4. We model the lensing potential as the combination of
a single power-law ellipsoid for G1 and two singular isothermal
spheres (SIS) for G2 and G3 with a surface density in terms of
critical density ⌃c (Kormann et al. 1994)

⌃ (r) =
⌃c b

2pq r��1 , (1)
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3.2 Effective Lensing Potential

Before proceeding to more complicated galaxy lens models, it is useful to develop the formalism
a little further. Let us define a scalar potential ψ("θ) which is the appropriately scaled, projected
Newtonian potential of the lens,

ψ("θ) =
Dds

DdDs
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c2

∫

Φ(Dd
"θ, z) dz . (48)

The derivatives of ψ with respect to "θ have convenient properties. The gradient of ψ with respect
to θ is the deflection angle,

"∇θψ = Dd
"∇ξψ =
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c2
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∫

"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =
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∫

∇2
ξΦ dz =
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DdDds
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· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
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(ψ11 + ψ22) =
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2
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"∇⊥Φ dz = "α , (49)

while the Laplacian is proportional to the surface-mass density Σ,

∇2
θψ =

2

c2

DdDds

Ds

∫

∇2
ξΦ dz =

2

c2

DdDds

Ds
· 4πG Σ = 2

Σ("θ)

Σcr
≡ 2κ("θ) , (50)

where Poisson’s equation has been used to relate the Laplacian of Φ to the mass density. The
surface mass density scaled with its critical value Σcr is called the convergence κ("θ). Since ψ
satisfies the two-dimensional Poisson equation ∇2

θψ = 2κ, the effective lensing potential can be
written in terms of κ

ψ("θ) =
1

π

∫

κ("θ′) ln |"θ − "θ′| d2θ′ . (51)

As mentioned earlier, the deflection angle is the gradient of ψ, hence

"α("θ) = "∇ψ =
1

π

∫

κ("θ′)
"θ − "θ′

|"θ − "θ′|2
d2θ′ , (52)

which is equivalent to eq. (10) if we account for the definition of Σcr given in eq. (17).
The local properties of the lens mapping are described by its Jacobian matrix A,

A ≡
∂"β

∂"θ
=

(

δij −
∂αi("θ)

∂θj

)

=

(

δij −
∂2ψ("θ)

∂θi∂θj

)

= M−1 . (53)

As we have indicated, A is nothing but the inverse of the magnification tensor M. The matrix
A is therefore also called the inverse magnification tensor. The local solid-angle distortion due to
the lens is given by the determinant of A. A solid-angle element δβ2 of the source is mapped to
the solid-angle element of the image δθ2, and so the magnification is given by

δθ2

δβ2
= detM =

1

detA
. (54)

This expression is the appropriate generalization of eq. (26) when there is no symmetry.
Equation (53) shows that the matrix of second partial derivatives of the potential ψ (the

Hessian matrix of ψ) describes the deviation of the lens mapping from the identity mapping. For
convenience, we introduce the abbreviation

∂2ψ

∂θi∂θj
≡ ψij . (55)

Since the Laplacian of ψ is twice the convergence, we have

κ =
1

2
(ψ11 + ψ22) =

1

2
tr ψij . (56)
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
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located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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Fig. 3 Top: Schematic view of the structure of a quasar with the main regions that can be probed by microlensing color-coded as follows, starting
from the smallest/innermost (left to right): X-ray corona (purple), accretion disc (blue to red), Broad Line Region (lighter green), dust torus (red),
and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.
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and Narrow Line Emission (darker green). For completeness, the black hole and the jet are also shown. Di↵erent characteristic lengths are shown
in logarithmic scale in the bottom of this panel: the gravitational radius, rg, for a 7⇥108 M� black hole (see Eq. 35), the corresponding time it takes
to cross this length, tcross, for an e↵ective velocity of 500 km/s (see Sect. 3.4.1), and the Einstein radius on the source plane, RE, for lens and quasar
located at redshifts of 0.5 and 2 respectively (see Eq. 7). The latter is given for two di↵erent masses of the microlenses. Inspired from fig. 1 of
Moustakas et al. (2019). Middle: Composite UV-optical spectrum of an AGN with a few main emission lines identified. Its di↵erent components
have been color-coded to match the corresponding regions shown in the top panel. Bottom: Same as the middle panel but for the X-rays.

Vernardos et al. 2023

Radio Jet

Warm Dust

Nuclear Narrow Line EmissionOnly 5 useful 
known

In virtually every 
lensed quasar

Nierenberg et al. 2014, 2017, 2020

This talk



JWST Lensed Quasar Dark Matter Survey

✴All known quadruply imaged quasars 
detected in WISE W4 with image 
separation greater than 0.1 arcsecond 
and no deflector disk


✴43 hours, Medium Program


✴MIRI broad band imaging at 5.6, 12.8, 
18 and 25.5 microns


✴55s F560W, F1280W and F1800W, 570s 
in F2550 (fast observations!) 

GO 2046, PI Nierenberg



Multi-band imaging isolates light from the warm-dust region

✴SED fitting with variable 
component temperatures 
and amplitudes


✴ Resulting fits provide 
estimates of 
microlensing 
contamination.

N
ierenberg et al. 2023
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Figure 3. Upper panels: From left to right, comparison of original F560W image, best-fit model, and residuals. Lower panels: Separate
light model components. From left to right, model point sources, lensed quasar host galaxy, and deflector light distribution. The yellow
bar in the lower left of the data image indicates 1 arcsecond. The arrow indicates North.

Figure 4. Upper panels: From left to right, comparison of original F1280W image, best-fit model, and residuals. Lower panels: Separate
light model components. From left to right, model point sources, lensed quasar host galaxy, and deflector light distribution. The yellow
bar in the lower left of the data image indicates 1 arcsecond.

vary as free parameters but were restricted to be the same
for all images. The overall SED amplitudes were also al-
lowed to vary independently to account for different overall
magnifications for the lensed images.

When fitting the lensed quasar SEDs, we computed the
joint likelihood that each set of model parameters would
reproduce the observed flux ratios (B/A, C/A, and D/A) in
each filter as well as the likelihood that the model matched
the absolute fluxes for image A in each filter. Model SEDs
were transformed into band fluxes following Gordon et al.
(2022)15. We used emcee (Foreman-Mackey et al. 2013) to
estimate the posterior probability distribution.

Figure 7 shows the accepted model drawn from the

15 https://github.com/STScI-MIRI/ImagingFluxCal/blob/
main/model_fluxes.py

Markov Chain Monte Carlo, while inferred component flux
ratios for the hot and warm dust blackbodies are presented
in Table 3. The flux ratios are computed by dividing the
normalization of the blackbody component for a given im-
age by the normalization of the corresponding blackbody
component for image A. Although we included the contin-
uum emission in our model to estimate the uncertainty it
might contribute, we do not present the continuum flux ra-
tios as its contribution to the fluxes was small (<10%) in
the observed band-passes.

6 DISCUSSION

Here we discuss the results of SED fitting and flux ratio
measurements in light of other studies of this system.

© 2023 RAS, MNRAS 000, 1–15
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magnifications for the lensed images.

When fitting the lensed quasar SEDs, we computed the
joint likelihood that each set of model parameters would
reproduce the observed flux ratios (B/A, C/A, and D/A) in
each filter as well as the likelihood that the model matched
the absolute fluxes for image A in each filter. Model SEDs
were transformed into band fluxes following Gordon et al.
(2022)15. We used emcee (Foreman-Mackey et al. 2013) to
estimate the posterior probability distribution.

Figure 7 shows the accepted model drawn from the

15 https://github.com/STScI-MIRI/ImagingFluxCal/blob/
main/model_fluxes.py

Markov Chain Monte Carlo, while inferred component flux
ratios for the hot and warm dust blackbodies are presented
in Table 3. The flux ratios are computed by dividing the
normalization of the blackbody component for a given im-
age by the normalization of the corresponding blackbody
component for image A. Although we included the contin-
uum emission in our model to estimate the uncertainty it
might contribute, we do not present the continuum flux ra-
tios as its contribution to the fluxes was small (<10%) in
the observed band-passes.

6 DISCUSSION

Here we discuss the results of SED fitting and flux ratio
measurements in light of other studies of this system.
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Figure 5. Upper panels: From left to right, comparison of original F1800W image, best-fit model, and residuals. Lower panels: Separate
light model components. From left to right, model point sources and lensed quasar host galaxy. The deflector light is not detected in this
filter, thus it is not included in the model. The yellow bar in the lower left of the data image indicates 1 arcsecond.

Figure 6. From left to right, comparison of original image, model, and residuals. The light model in F2550W consists of only the point
source contribution. The yellow bar in the lower left of the data image indicates 1 arcsecond.

Parameter F560W F1280W F1800W F2550W

jitter_sigma 0.00063 0.00061 0.00073 0.00075
Temperature (K) 1120 700 680 250

Table 1. Best fit webbPSF jitter_sigma and blackbody temperature for each filter. These values were inferred for our data using
webbPSF development version 1.2.1, and do not include inter-pixel capacitance effects.

Image dRa dDec F560W F1280W F1800W F2550W

A 1.065 0.318 0.396 1.06 1.38 2.647
B 0 0 0.279 0.656 0.875 1.787
C 0.721 1.152 0.459 1.08 1.42 2.790
D -0.153 1.018 0.536 1.34 1.73 3.357

Table 2. Measured image positions and fluxes in units of mJy. Image positions are measured from the F2550W data. Image naming
follows Shajib et al. (2019), and image labels are shown in Figure 3. We estimate the flux ratio (absolute flux) uncertainties to be 6%
(15%), 2% (15%), 2% (15%), 1% (20%) in F560W, F1280W, F1800W, and F2550W respectively. The Right Ascension and Declination
offsets of the quasar images with respect to image B are within 0.00007 of those measured by Nierenberg et al. (2020).
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Table 1. Observation information and references for the lens systems.

System name Observation date
Total exposure time

Reference(seconds)
F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. 2018b (in preparation), Delchambre et al. (2018)
ATLAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)
DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. 2018b (in preparation)
PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)
WISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third and fifth columns) and reconstructed (second, fourth and sixth columns)
strong-lens systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to
create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of
the bands have been adjusted for each lens system for clear visualisation of the features in the system.

2.2.5 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). The
deflector redshift is zd = 0.597 and the quasar redshift is
zs = 2.375 (Lin et al. 2017). This is a very complex lens
system with multiple lensed arcs noticeable in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or

they can be at di�erent redshifts. This system has measured
time-delays between the quasar images: �tAB = �112 ± 2.1
days, �tAD = �155.5± 12.8 days, and �tBD = �42.4± 17.6 days
(Courbin et al. 2018).

2.2.6 DES J0420-4037

This lens system was discovered in DES imaging data us-
ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 1. Strong gravitational lensing provides a powerful test of CDM, as each strongly-lensed
image probes low-mass dark matter structure along the entire line of sight between the source
(typical redshifts 1.5-3) and the observer. The left-most panel shows an HST image of DESJ0405.
The right-most panel shows one realization of projected dark matter structure (including line of
sight halos and subhalos gravitationally bound to the main lens) which produces the observed
narrow-line image fluxes and positions (Gilman et al., 2020). The realization of the smooth mass
distribution of the main deflector is subtracted here for clarity. This method iterates over many
structure realizations to compare the relative likelihood of di↵erent dark matter scenarios, while
marginalizing over the uncertainties in the normalization in the halo and subhalo mass functions
and the smooth mass distribution of the main deflector. This method has been extensively tested
on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM
mass function, we will have conclusive evidence for the existence of halos below masses of 107M�.
This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot
contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region
shows models we can distinguish from CDM with this proposal. We will test models which di↵er
from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile
neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &
Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler
et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
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3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
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where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Table 1. Observation information and references for the lens systems.

System name Observation date
Total exposure time

Reference(seconds)
F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. 2018b (in preparation), Delchambre et al. (2018)
ATLAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)
DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. 2018b (in preparation)
PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)
WISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third and fifth columns) and reconstructed (second, fourth and sixth columns)
strong-lens systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to
create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of
the bands have been adjusted for each lens system for clear visualisation of the features in the system.

2.2.5 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). The
deflector redshift is zd = 0.597 and the quasar redshift is
zs = 2.375 (Lin et al. 2017). This is a very complex lens
system with multiple lensed arcs noticeable in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or

they can be at di�erent redshifts. This system has measured
time-delays between the quasar images: �tAB = �112 ± 2.1
days, �tAD = �155.5± 12.8 days, and �tBD = �42.4± 17.6 days
(Courbin et al. 2018).

2.2.6 DES J0420-4037

This lens system was discovered in DES imaging data us-
ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 1. Strong gravitational lensing provides a powerful test of CDM, as each strongly-lensed
image probes low-mass dark matter structure along the entire line of sight between the source
(typical redshifts 1.5-3) and the observer. The left-most panel shows an HST image of DESJ0405.
The right-most panel shows one realization of projected dark matter structure (including line of
sight halos and subhalos gravitationally bound to the main lens) which produces the observed
narrow-line image fluxes and positions (Gilman et al., 2020). The realization of the smooth mass
distribution of the main deflector is subtracted here for clarity. This method iterates over many
structure realizations to compare the relative likelihood of di↵erent dark matter scenarios, while
marginalizing over the uncertainties in the normalization in the halo and subhalo mass functions
and the smooth mass distribution of the main deflector. This method has been extensively tested
on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM
mass function, we will have conclusive evidence for the existence of halos below masses of 107M�.
This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot
contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region
shows models we can distinguish from CDM with this proposal. We will test models which di↵er
from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile
neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &
Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler
et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
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n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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4 A. J. Shajib et al.

Table 1. Observation information and references for the lens systems.

System name Observation date
Total exposure time

Reference(seconds)
F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. 2018b (in preparation), Delchambre et al. (2018)
ATLAS J0259-1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405-3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408-5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017b)
DES J0420-4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. 2018b (in preparation)
PS J0630-1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606-2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038-4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2017a)
WISE J2344-3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third and fifth columns) and reconstructed (second, fourth and sixth columns)
strong-lens systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to
create the red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of
the bands have been adjusted for each lens system for clear visualisation of the features in the system.

2.2.5 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Diehl et al. 2017; Agnello et al. 2017b). The
deflector redshift is zd = 0.597 and the quasar redshift is
zs = 2.375 (Lin et al. 2017). This is a very complex lens
system with multiple lensed arcs noticeable in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or

they can be at di�erent redshifts. This system has measured
time-delays between the quasar images: �tAB = �112 ± 2.1
days, �tAD = �155.5± 12.8 days, and �tBD = �42.4± 17.6 days
(Courbin et al. 2018).

2.2.6 DES J0420-4037

This lens system was discovered in DES imaging data us-
ing the morphology-independent Gaussian-mixture-model

MNRAS 000, 1–19 (2018)

strong lensing constraints on dark matter warmth 13

Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Figure 5. Dark matter halo e�ective multi-plane convergence maps for some of the highest-ranked realizations for the subset of quads
B1422, WGD J0405, WFI 2033, and RX J0911, each of which has flux ratios inconsistent with smooth lens models. The defintion of the
e�ective multi-plane convergence takes into account the non-linear e�ects present in multi-plane lensing, and is defined with respect to
the mean dark matter density in the universe such that some regions are underdense (blue), while other regions (specifically, dark matter
halos) are over-dense (red). The subhalo mass function normalization, line of sight normalization, halo mass and half-mode mass are
displayed for each realization. Green text/circles denote observed image positions and fluxes, while black text/crosses denote the model
positions and fluxes. The forward-model data sets fit the image positions and fluxes to within the measurement uncertainties.
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Probed Sightlines

Lens Halo
Source QSO

Field halos

Figure 1. Strong gravitational lensing provides a powerful test of CDM, as each strongly-lensed
image probes low-mass dark matter structure along the entire line of sight between the source
(typical redshifts 1.5-3) and the observer. The left-most panel shows an HST image of DESJ0405.
The right-most panel shows one realization of projected dark matter structure (including line of
sight halos and subhalos gravitationally bound to the main lens) which produces the observed
narrow-line image fluxes and positions (Gilman et al., 2020). The realization of the smooth mass
distribution of the main deflector is subtracted here for clarity. This method iterates over many
structure realizations to compare the relative likelihood of di↵erent dark matter scenarios, while
marginalizing over the uncertainties in the normalization in the halo and subhalo mass functions
and the smooth mass distribution of the main deflector. This method has been extensively tested
on simulated data and shown to accurately recover input model parameters (Gilman et al., 2019).
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Figure 2. Forecast results from this proposal. Left Panel: With 43 lenses, if halos follow a CDM
mass function, we will have conclusive evidence for the existence of halos below masses of 107M�.
This will provide a powerful confirmation of the dark matter paradigm, as such halos cannot
contain gas or stars if CDM is correct (e.g. Nadler et al., 2019). Right Panel: The purple region
shows models we can distinguish from CDM with this proposal. We will test models which di↵er
from CDM only in the regime where the majority of halos are dark, for example GUT scale sterile
neutrinos which produce a 3.55 keV X-Ray line represented by the gray region (Abazajian &
Kusenko, 2019). The blue-hatched region shows the area ruled out by Milky Way satellites (Nadler
et al., 2019), while the purple dashed line shows the current best limit (Gilman et al., 2020).
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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T.Treu: Flux ratio anomalies and the substructure problem 3

Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.

Flux ratio statistics with line of sight halos 5

Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.

Figure 2. HST-F160W images of the targets taken from the CASTLES database, sorted by RA.
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Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃sub = 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective

multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
Ds

S�1X

n=1

Dns↵n (Dn�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where Dn and Dns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
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n=1

Dns↵n (Dn�n) . (8)
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Figure 1. The substructure problem. In simulations (top, from Kravtsov 2010), galaxies and clusters
are self-similar and should have the same amount of satellites. In reality, this is not observed: galaxies
have many fewer (luminous) satellites than expected based on dark matter substructure. Does this mean
they are dark, or that they do not exist? Answering this question is the goal of this program.
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FIG. 19. Left:Posterior distribution of the hyper-parameters ⌃sub and mhm, the normalization of the di↵erential subhalo mass
function (Equation 15) and the half-mode mass (Equation 18), respectively. We marginalize over ↵ and �LOS, the logarithmic
slope of the subhalo mass function and the amplitude of the field halo mass function, respectively, as these parameters are
unconstrained within the range of their priors. The black distribution uses only image positions and flux ratios, and the blue
distribution shows the inference after incorporating imaging data. Right: Inference on ⌃sub and mhm using flux ratios and
lensed arcs, showing the e↵ect of including a prior on ⌃sub. The blue distribution is the same as the blue distribution in
the left panel, and uses a log-uniform prior. The green distribution uses a prior log

10
⌃sub/kpc

�2 ⇠ N (�0.8, 0.2) based on
predictions from the semi-analytic model galacticus. The purple distribution shows the result when using a prior based on
N -body simulations log

10
⌃sub/kpc

�2 ⇠ N (�1.0, 0.2), as discussed in Section IVC

.

comparison with previous work, we recast the inferences
on ⌃sub in terms of a projected mass density in subhalos,
⌃DM,sub, and a projected mass fraction in subhalos, fsub.
To calculate ⌃DM,sub, we integrate the subhalo mass
function (Equation 15) over the range mL < m < mH

⌃DM,sub =
⌃subf̄boundm0

2 + ↵

h
(mH/m0)

2+↵
� (mL/m0)

2+↵

i
.

(26)
Here, we assume a typical host halo mass 1013M� for
a deflector at zd = 0.5, such that F (mhost, zd) = 1 in
Equation 16. Given the width of the prior on ↵, and
the fact that the posterior on ↵ is not constrained within
the range of this prior, we set ↵ = �1.9. Our inference
used mH = 1010.7M� and mL = 106M�, respectively,
with a pivot scale m0 = 108M�. With these numbers
we find ⌃DM,sub = 6.2 ⇥ 107

�
⌃sub/kpc�2

�
. The upper

x-axis of Figure 20 shows the value of ⌃DM,sub that cor-
responds to ⌃sub. Our inference on ⌃sub corresponds to
⌃DM,sub = 1.7+2.6

�1.2 ⇥ 107 M�kpc�2 at 95% confidence.
This is statistically consistent with the predictions from
galacticus, ⌃DM,sub = 0.9 ⇥ 107 M�kpc�2. It is in
mild ⇠ 1.8� tension with the predictions from the re-
cent Symphony N -body simulations presented by Nadler
et al. [107], ⌃DM,sub = 0.6⇥ 107M�kpc�2. These predic-
tions from N -body simulations and galacticus follow
from the theoretical priors on ⌃sub discussed in Section

IVC.

We now cast our inference on ⌃sub as an inference on
fsub, the fraction of mass bound to dark matter sub-
halos in projection near the Einstein radius, fsub ⌘

⌃DM,subA/M . Here, A represents an area near lensed
images, and M is the total mass in dark matter in this
area. For early-type galaxies with near-isothermal mass
profiles, the convergence, or projected mass divided by
the critical surface mass density for lensing, ⌃crit, will
be approximately 0.5. Assuming a projected mass frac-
tion in dark matter, fDM, at the Einstein radius, we can
therefore write M = (1/2)fDM⌃critA. We then obtain
fsub in terms of ⌃DM,sub, fDM, and ⌃crit

fsub =
2⌃DM,sub

fDM⌃crit
(27)

For fDM = 0.5 [77], and ⌃crit = 2.0 ⇥ 109M� kpc�2,
the critical density for lensing assuming typical lens
and source redshifts zd = 0.5 and zs = 2.0, Equation
27 gives fsub = 0.012

�
⌃sub/0.1 kpc�2

�
. Our inference

on ⌃sub using imaging data therefore corresponds to a
projected mass fraction bound to dark matter subhalos
fsub = 3.2+5.1

�2.3% at 95% confidence.
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What are the lowest mass halos that must exist?3

standard deviation of 0.3 based on the measurement of halo
mass distribution for a sample of representative galaxy-scale
strong lenses by Lagattuta et al. [31] .

Subhalos undergo significant tidal interactions as they are
accreted into the main lensing halo. We use the analytic frame-
work developed by Du et al. [32] to statistically model the sub-
halo tidal evolution as a function of key parameters, including
infall time and subhalo concentration. As with other state of
the art subhalo evolution models, this model predicts that typi-
cal subhalos in the projected ⇠ 5 arcseconds of strong lens-like
halos have lost about 95% of their mass since infall. Owing to
these effects, our forward modeling simulations contain many
subhalos with final masses significantly lower than the field
halo cutoff of <low.

Current #-body simulations and semi-analytic models dif-
fer in their predictions for the amplitude of the subhalo mass
function by a factor of two [30]. To account for this theoretical
uncertainty, we explore two different priors on the projected
normalization of the subhalo mass function, ⌃sub, one reflect-
ing the prediction from #-body simulations and one from the
semi-analytic model galacticus [33–35].

Dark matter forward modeling— The details of the statis-
tical model we use are laid out in Gilman et al. [13]. We
use a forward modeling approach to draw realizations of dark
matter halos from the dark matter model parameters as well
as to sample over the lens mass distribution (macromodel pa-
rameters) described previously. For each realization of dark
matter and macromodel parameters, we compute the model-
predicted image magnifications, which are compared to ob-
served magnifications to compute a relative likelihood for that
set of parameters. We use lenstronomy [36, 37] to perform
gravitational lensing calculations and to optimize free lens pa-
rameters to match the image positions for each dark matter
realization. A detailed description of how the lensing calcu-
lation is computed to ensure matching to image positions is
provided by Gilman et al. [13]. We generate between 0.5–20
million samples per lens to ensure convergence.

We also incorporate information from the lensed quasar host
galaxy, when detected. This information was included via a
separate suite of simulations. In these simulations, we generate
realizations from the dark matter and macromodel parameters
in an identical way to the previous step and require that the im-
age positions be matched. The difference in this step was that
for every realization, we use the macromodel to also compute
the full ray tracing for the lensed quasar host galaxy and com-
pute the likelihood for the imaging data for each realization.
We then marginalize over the sampled dark matter parameters
to compute the likelihood distribution of the lens mass model
parameters, given the imaging data. These likelihoods are in-
dependent of the flux ratios and rely only on the goodness of
fit to the imaging data and lensed quasar positions. The likeli-
hoods are then applied as weights to the full forward modeling
simulations calculated in the first steps, so that forward model
iterations with macromodel parameters favored by the imaging
only analysis are given preferential weight in the final analy-
sis. By decoupling the imaging analysis from the flux ratio
computation in the first step, we are able to efficiently sample
over many sets of macromodel parameters. We find that the

FIG. 1. The joint posterior probability distribution for a cutoff in the
halo mass function (<low), and normalization of the projected subhalo
mass function (⌃sub), shown for three different priors on ⌃sub, jointly
inferred from 28 lenses. One-sided 95% exclusion limits, and 10:1
Bayes factor constraints taken with respect to the peak of the marginal
distribution, are summarized in the top right. Contours show 68%
and 95% confidence regions.

macromodel parameter weights are well estimated with about
two hundred thousand realizations per lens.

In the final step of the statistical inference, we apply the
likelihood weights estimated in the second set of simulations
to the realizations generated in the first step so that each real-
ization is weighted by the likelihood of both the flux ratios and
the macromodel parameters.

The statistical methods used in this work have been vali-
dated on mock data and have been shown to accurately recover
properties of the halo mass function for a variety of dark matter
scenarios [20] in the presence of realistic, complex macromod-
els.

Results— Figure 1 shows the posterior probability distribu-
tion for the dark matter parameters ⌃sub, and <low, marginaliz-
ing over U and Xlos which were not well constrained. We show
the result for three choices of prior for the normalization of the
subhalo mass function.

The most agnostic prior is a uniform prior for log10 ⌃sub
between �2.2 and 0.2. This prior extends approximately a
factor of 10 above and below the predictions from both #-
body simulations and galacticus. For this prior we measure
<low < 108.6 M� at 10:1 Bayesian odds, and <low < 108.4

M� at 95% confidence. Adopting more informative priors, we
infer <low < 108.3 (108.1) M� at 10:1 odds (95% confidence)
using the prior for⌃sub based ongalacticus and<low < 108.2

(107.9) M� at 10:1 odds (95% confidence) using the prior from

Nierenberg et al. 2026
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FIG. 2. Comparison of the flux ratio distribution for a mock cusp lens
for three different dark matter scenarios; a warm dark matter model
with a half-mode-mass <hm = 109 M� , a CDM-like model with a
sharp cutoff at <low = 109 M� and a CDM model with no detectable
cutoff. All other dark matter parameters, are held fixed between the
simulations. The <low model predicts a broader spread of flux ratios
than the WDM model, providing a qualitative demonstration of the
relative importance of the higher concentrations of <low subhalos
in perturbing the lensed images. Vertical bars indicate the 95%
confidence interval.

FIG. 3. Forecast 10:1 posterior odds ratio limit on <low as a function
of the number of quadruply imaged quasars in the sample. Spread in-
dicates the 68% confidence interval from bootstrap resampling while
colors represent prior choices on ⌃sub. The impact of the informative
priors relative to a uniform prior decreases significantly with more
than 100 lenses. With about 200 lenses, we forecast a constraint of
<low Æ 107 M�.

by bootstrap resampling from the current individual lens pos-
teriors. Figure 3 shows the projected constraints for up to 200
lenses. Bootstrapping is performed by drawing randomly from
the current lens posterior probability distributions. Contours
represent the 68% confidence interval for 50 randomly drawn
samples of lenses. Beyond 120 quadruply imaged quasars, the
prior on ⌃sub becomes significantly less important. With 200
lenses, we forecast a constraint on <low Æ 107 M� .

In addition to new lenses, the combination of this data set
with other complementary data sets can greatly strengthen
the combined analysis. In particular, [43] demonstrated that
constraints from Milky Way satellites, combined with strong
lensing measurements significantly improved the constraint
on the dark matter half mode mass. In the near future the
constraint on <low can be improved by such a comparison.
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Dark Halos live here



How CCAPP helped me get here!
✴Strongly multidisciplinary 

environment with collaboration 
between many research groups


✴Faculty mentors in a range of 
disciplines


✴Constant guidance and support 
from all faculty


✴Learned the importance of faculty 
participation in department events 
(AstroCoffee)



Conclusions
✴Gravitational lensing enables us to measure the 

properties of dark matter, consistently revealing low-
mass structure signals in lenses.


✴Our pipeline enables a broad range of dark matter 
models to be tested


✴Lensing has a bright future with many new lenses 
being discovered and new instruments/telescopes 
being built
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